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1. INTRODUCTION

In 1986, Jungck [1] introduced the concept of compatible
mappings. A number of fixed point theorems have been
obtained by different authors in metric spaces, probabilistic
metric spaces and fuzzy metric spaces using the conception of
compatibility of maps or by using its generalized or weaker
forms. Pant [8] initiated the work using the concept of non-
compatible maps in metric spaces. Recently, Aamri and
Moutawakil [5] introduced the property (E.A) and thus
generalized the concept of non-compatibility.

In this paper, we show common fixed point theorems for R-
weakly commuting maps in 2 non-Archimedean Menger PM-
space by using the concept of non-compatibility or its
generalized notion that is the property (E.A). Our results unify,
extend and generalize the results of G. Jungck [1, 2], R. P. Pant
[7,8,9, 10], H. K. Pathak et al. [3] and S. Padaliya et al. [13].

2. PRELIMINARIES

Renu Chugh and Sumitra [11] introduced the following
definitions:

Definition 2.1:

Let X be any non-empty set and D be the set of all left
continuous distribution functions. An ordered pair (X, F) is
said to be 2 non-Archimedean probabilistic metric space
(briefly 2 N.A. PM-space) if F is a mapping from

represented by F  , or F(X,y,z) for each Xx,y,zeX
such that

(i) F(x,y,z;t)=1forallt>0ifand only if at least two of the
three points are equal.

(i) F(x,y,2) =F(x,2,y) = F(z,x,Y)

(iii) F(x, y, 2, 0) = 0

(V) If
F(xy.st)=F(xszt)=F(sy,zt)=1
then F (X, y, z;max {t, t, t,}) =1

Definition 2.2:

A t-normis afunction A :[0,1]x[0,1]x[0,1] —[0,1]
which is associative, commutative, non decreasing in each
coordinate and A(a,1,1) =a for each a €[0,1].

Definition 2.3:

A 2 N.A. Menger PM-space is an ordered triplet (X, F, A),
where A isa t-norm and (X, F) is a2 N.A. PM-space
satisfying the following condition

F(x, y,z;max{tl,tz,ts})z(A(F(x, y.sit). F(xszt,), F(s, y,z;tS)))
foreachx,y,ze X,t,t,,t, 20
Definition 2.4:

Let (X, F, A) be 2 N.A. Menger PM-space and A a continuous
t-norm, then (X, F, A) is Hausdorff in the topology induced
by the family of neighborhoods,

U, (e,\a,8,,....,8,):X,8, € X,e>0,i=12,....neZ",

. h Z* is th t of all iti int d
XxXxXinto D satisfying the following conditions, where 15 the set ot a POSIEIVE — Integers an
where the value of F at (X, Yy, Z) eXxXxX
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U, (g, A,a,,a,,....,a,) =
{y e X;F(X,y,a;;€) >1-A,1<i<n}

=] {yeX;F(x,y,a;;e) >1-21,1<i<n}.

i=1
Definition 2.5:
A2N.A. Menger PM-space (X, F, A) is said to be of type (C),
, if there exists a g € Q2 such that

g(F(xy.zt)<g(F(x.y.at))+g(F(xazt))+g(F(ayzt))
g/9:[0,1] >[0,%)is continuous,
foreachx,y,zeX,t >0,where Q =| strictly decreasing
and g(1)=0and g(0) <o

g(F(x,y,z;%)) g(F(x,ysa;t)) g(F@

g(F(a,y,z;t)) for eachex,y 2z X,t |
where Q ={g/g:[0,1] —[0,%0) is continuous, strictly
decreasing and

g() =0and g(0) < }.
Definition 2.6:

A 2 N.A. Menger PM-space (X, F, A) is said to be of type
(D), if there exists a Qe such that

9(A(t, 15, 6)) < 9(ty) +9(t,) +9(ts)

for each t,t,,t, €[0,1].

Remark 1:

If 2 N.A. Menger PM-space is of type (D), then (X, F, A) is
of type (C), .

Definition 2.7:

A sequence {X.} in 2 N. A. Menger PM-space (X,F,A)
converges to X if and only if foreach £ >0, A >0,
there exists M (&, A) such that

g(F(x,, x,a;¢))<g(@—A) for every n>M.
Definition 2.8:

A sequence {X,} in 2 N. A. Menger PM-space is Cauchy
sequence if and only if for each £>0, A >0, there

ISSN: 2454-6410

WwWw.ijeter.everscience.org

exists an integer Mg, 1) suchthat
g(F (X, X pr86))<g(l-2)Vn,p=Mand p=1.
Example 1([10]):

Let X =R be the set of real numbers equipped with 2-metric
defined as

d( x, vy,=2
Oi,f atleast two oifnthe

2o0ther wise
Set F(x,y,z;t)= ———— .
Rk Y.z Y t+d(x,y,2)

Then (X,F,A) is 2 N. A. Menger PM-space with A as
continuous t-norm satisfying

A(r,s,t)=min(r,s,t) or (r.st)

Example 2([4]):

Let X = R with 2-metric defined as

d(x,y,z) =min[|x-y|,|y-z[[z-x]],
for all x,y,ze X,t>0

Define,

F(x,y,z;t) =——, with A(r,s,t) = min(r,s,t,)
t+d(x,y,2)

or (r.s-t)

Then (X, F, A) is2 N. A. Menger PM-space.

Example 3:
Let X = {0,1,%,;,— } equipped with 2-metric ‘d’
1,if x,y,zare distinct and
1 1
d(xvy,z)= —,——rcix,y,zt,neN
el (Bt

0, otherwise.

t

Set F(X,_’y,Z; t) = m

and A(r, s, t) = min(r, s, t) or (r.s.t)
Then (X, F,A) is2 N. A. Menger PM-Space.
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Now, we define property (E.A) in 2 non-Archimedean Menger
PM-space (X, F,A) .

Definition 2.9:

Let Aand B be two self mappings of a 2 N. A. Menger PM-
Space (X, F,A). A and B are said to satisfy property (E.A) if
there exists a sequence {x,,}

such that lim, Ax, = lim_ Bx, = X,eX.

i.e., for asequence X, , there exists X, €X such that
lim_ g(F(Axn X, ,a;t))
=lim, g(F(BXx,,X,,a;t))=0

forall ae X and t>0

Example 4([4]):

Let X =R equipped with 2-metric ‘d’ defined by

d(x,y,2) =min[[x -y ||y -z],|z=x]],

for all x,y,ze X,t>0

Set F(x,y,z;t) = m
with A(r,s,t) = min(r,s,t,) or (r.s-t) .
Then (X,F,A) is2N. A. Menger PM-space
Define the self

Ax=XJr1 , BX
2

maps A and B on X as,
_2x+1

Consider the sequence
1

X, =1-—=, Nn=1,2,3, .
n

Then,wehave

lim, g(F (Ax,.1,a;t))=lim g(F(Bx,,1,a;t)) for
every t >0and

ae X .Thus A and B satisfy the property (E.A).

In the next example we show that there are some mappings
which do not satisfy the property

(E.A).
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Example 5:

Let X:[O,l] equipped with 2-metric ‘d’ defined by
dix,y,z)=min[ | x-y|,|y—z]|z—=x]],

for all x,y,ze X,t>0

Set F(x,y,z;t) = m
with A(r,s,t) = min(r,s,t,) or (r.s-t).

Then (X,F,A) is2N. A. Menger PM-space.
Define the self

Ax=1-2  Bx
2

maps A and B on X as,
_1-x

2

Consider the sequence

xnzl—l, N=12,3 e,
n

Then, we have
lim, g(F (Ax,,u,a;t))=lim g(F(Bx,,u,a;t))=0
forsome ue X

Therefore,

lim, g(F (Ax,,u,a;t))=lim, g(F(l—X—z”,u,a;tD

= lim, g(F(x,,2-2u,a;t))=0

and

lim, g(F(Bx,,u,a;t))=lim, g(F(l_ZX” ,u,a;tD

= lim, g(F(x,,1-2u,a;t))=0

We conclude X,—>2—-2u and X, —1-2u , whichis a

contradiction. Hence A and B do not satisfy the property (E.A).
Using R-weak commutativity, Pant [7 , 8] proved two common
fixed Point theorems for a pair of mappings.

Theorem 1([10]):

Let (X,d) be a complete metric space and let f,g be R-
weakly commuting self mappings of X satisfying the condition;
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d(fx, fy)<r(d(gx,gy)) for all X,yeX, where
r:R, >R, such that r(t)<t for each t>0 if
f(X)Cg(X) and if either f or Q is continuous , then

f and g have a unique common fixed point in X.

Theorem 2([10]):

Let (X,d) be a complete metric space and let f , g be

R-weakly commuting self mappings of X satisfying the
condition;

Given e > 0, there exist h(e) > 0 such that
(i) e<d(gx,gy) <e+h=d(fx, fy)<e
(ii) f(x)="f(y)
wenever §(x) =0 (y)
If f (X)C g (X) and ifeither f or Q iscontinuous, then

f and @ have a unique

common fixed point in X.

Remark 2: The above two theorems do not hold if we allow
both the mappings f and @ to be discontinuous on X or the

space X is not complete. We give the following examples in
support of our claim.

Example 6:

11
Let X ={O,1,—,— .............. } be a metric space with the

usual metric d (x,y):|x—y| for all X,Yye X . Define the
mappings f,g: X — X by

o3 (B
o) o2

for n=0,1,2,...... respectively.
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is

complete and

f and g are R-weakly commuting for R > 0.

Define y(t):%t for

discontinuous at x = 0.

Also, we see that d ( f(0), f (1)) = ‘

t>0, both f and @ are

9 9
1 1.2
27 27

- y[d[g(O) , d(g(%
42

and so on. Also for

1

:3—n’

we have

1

=—:n,m=0,1,2,3,
y 37

d(f(x), f(y))=

1

1

3n+2 - 3m+2

1

3
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Hence all the conditions of theorem 1 are satisfied except
continuity of either f or @ but neither f nor g have a
fixed point in X.

Example 7:

11 . .
Let X=<0,1, 5 , 3—2, .............. be a metric space with the
usual metric

d(X,y)=|X—y| for all X,ye X . Define the mappings
f,g:X—>X by

f(ij: 12 : g(i]:i forn=12,3,.....
3N | 3N+ 3N 3n+1

respectively.

(X,d) is not

Here complete and

1
Define 7(t) = ét for t>0. Here all the conditions of

theorem 1 are satisfied except the completeness of X, but
neither f nor g have a fixed point in X.

On the basis of above mentioned examples, theorem 1 can be
improved in two ways; either imposing certain restrictions on
the space X or by replacing the notion of R-weak
commutativity of mappings with certain improved notion. We
choose the second option, that is the generalized notion of
property (E.A).

3. RESULTS AND DISCUSSION
Theorem 3:

Let S and T be point wise R-weakly commuting self mappings
of a 2 N. A. Menger PM-space (X, F,A) satisfying the

property (E.A) and
)S(X)=T(X)

g(F(Sx,Sy,a;kt)) < g(F(Tx,Ty,a;t))
(ii) k>0

(iii)g(F(Sx,Szx,a;t)) <
g(F(TxTsxa;t)),g(F (Sx,Tx,at)), )
q{maxkg (F (szx,Tsx,a;t)), g(F(Sx,Tsxa;t)),g (F (Tx,52x,a;t))HWhere S8

ISSN: 2454-6410

WwWw.ijeter.everscience.org

If the range of S or T is complete subspace of X, thenSand T
have a common fixed point.

Proof:

Since S and T satisfy the property (E.A), there exists a sequence
X, inX, such that

lim Sx, =lim, Tx, =u;ue X . As
ueS(X)and S(X)=T(X),
exists we X such that

there some

u=Tw where u = lim Tx,

If Tw= Sw ,

then g (F(Sx,,Sw,a;kt)) <g(F(Tx,,Tw,a;t))
Taking N — 00, We get

g(F (Tw,Sw,a;kt)) <g(F(Tw,Tw,a;t)),Hence
Sw=Tw. Since S and T are R-weakly commuting, there
exists R>0, such that

o (F (STw,TSw,a;t))<g (F (SW,Tw,a;%D ~0.

Thatis STw=TSw and
SSw=STw=TSw=TTw
If Sw=SSw, using (iii)
g(F (Sw,SSw,a;t)) <
g(F (Tw,TSw,a;t)), g (F (Sw,Tw,a;t)),
¢| max< g (F (SSw,TSw,a;t)), g (F (SSw,TSw,a;t)),
g(F (Sw,SSw, a;t))
=g(F (Sw,SSw,a;t))
where SX # S%X , a contradiction.

Hence Sw=SSw and Sw=SSw=TSw=STw=TTw

Hence Sw is a common fixed point of S and T. The case when
S ( X ) is a complete subspace of X is similar to the above case

sinceS(X)CT(X).
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Hence we have the theorem. Now, we give an example to
illustrate the above theorem.

Example 8:
Let X=R and d: X x X x X—> R*™ such that

d(x,y,z)=min[|x-y|.|ly-z],|z=X].

t
Set F(x,y,z;t) =——— ith
(x.y.z1) t+d(x,y,2) "

A(r,s,t) = min(r,s,t,) or (r.s-t)

Obviously (X ,F,A) is 2 non-Archimedean Menger PM-
space.

Define A, B: X —> X ,as

{1, if x<1or x>5}
A(x) = ,

4 1<x<5
1, x<1
B(x)=32,1<x<5
X—4,x>5

1
Consider a sequence X, = 5+— then AX ,Bx, — land
n

hence A and B satisfy the property (E.A). Also, A and B are R-
weakly commuting as they commute at their point of

coincidence. Moreover, A( X )CT (X )

Define ¢ [0,00)—)[0,00) as

#(s)=s ,s>0

Hence all the conditions of the theorem are satisfied and ‘1’ is
common fixed point of A and B.

¢(O)=O and

Setting k =1 in the above theorem we get the following
theorem.

Theorem 4:

Let Sand T be point wise R-weakly commuting self mappings
of a 2 N. A. Menger PM-space (X ,F,A) satisfying the
property (E.A) and

() S(X)=T(X)

(i) g(F(Sx,Sy,a;t)) < g(F (Tx,Ty,a;t))
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(iii)g(F(Sx,Szx,a;t)) <
({ {g(F(Tx,TSx,a;t)),g(F(Sx,Tx,a;t)),

i Q(F(SZX,TSx,a;t)),g(F(Sx,TSx,a;t)),g(F(Tx,82>(,a;t))HWhereSX *$%x

If the range of S or T is complete subspace of X, thenSand T
have a common fixed point. Theorem 3, ibid, has been proved
by using the concept of property (E.A) which has been
introduced in a recent work by Aamri and Moutawakil [5].
They have shown that the property (E.A) is more general than
the notion of non compatibility. It may, however, be observed
that by using the concept of non compatible maps in place of
the property (E.A), we can not only prove the theorem 3 above,
but in addition , we are able to show also that mappings are
discontinuous at their common fixed point.

Theorem 5:

Let S and T be non compatible point wise R-weakly
commuting self mappings on a 2 N. A. Menger PM-space
(X, F,A) satisfying

(i) S(X)c=T(X)

g(F(Sx,Sy,a;kt)) < g(F(Tx,Ty,a;t))
(i) k>0

(iii)g(F(Sx,Szx,a;t))<
g(F(Tx,TSxa;t)), g (F (Sx, Tx,a;t)), |

$| max g(F (SZX,TSx,a;t)), g(F (Sx,TSx,a;t))

_ ,g(F(Tx,Szx,a;t)) |

whereSx # S 2x.

If range of S and T is complete subspace of X, then S and T
have a common fixed point and the fixed point is the point of
discontinuity.

Proof:

Since S and T are non compatible, there exists a sequence X,
in X, such that lim, Sx, =1lim Tx, =u;ue X, but
either lim, g(F (STx, , TSx, ,a;t)) =0 or the limit
does not exist. As, ue S(x)and S(X)cT(X), there
exists some We X such that U =Tw where U =lim_ TXx,.
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If T %

, then
g(F(Sx,,Sw,a;kt)) <g(F(Tx,,Tw,a;t))
Taking N —> 00, we get

g(F(Tx,,Sw,a;kt)) <g(F (Tw,Tw,a;t))Hence
Sw=Tw. Since S and T are R-weakly commuting, there

R>0, such that

o(F (STW,TSW,a;t))Sg(F(SW,Tw, a;%D -0,

That is
STw=TSw and SSw=STw=TSw=TTw
If Sw=SSw, using (iii)

g (F(Sw,SSw,a;t)) <

exists

g(F (Tw,TSw,a;t)), g (F (Sw,Tw,a;t)),
¢| max{ g (F (SSw,TSw,a;t)), g (F (SSw,TSw,a;t)),
g(F (Sw,SSw,a;t))
= g(F (Sw,SSw, a;t))
where SX # S?X , a contradiction.

Hence Sw = SSw
and Sw=SSw=TSw= STW=-|_I'W.

Hence SW is acommon fixed point of S and T. The case when
S(X) is acomplete subspace
of X is similar to the above case since S (X )T (X).

We now show that S and T are discontinuous at the common
fixed pointu = Sw=Tw.

If possible, suppose S is continuous, then
lim STx, =Su=u. R-weak commutativity implies that

g(F(STx,.TSx,,a;t)) SQ(F(SXn Tx, 'a;%n |

Taking n—oo, we get
lim TSx,=Su=u and so

lim, g(F (STx,,TSx,,a;t)) =0

ISSN: 2454-6410
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which contradicts the fact that
lim, g(F(STx,,TSx,,a;t)) s either non zero or

nonexistent for the sequence X . Hence S is discontinuous.

Next, suppose that T is continuous, then lim, TSx, =Tu=u
and lim TTx, =Tu=u.

Now, inequality (ii) implies that implies that

Q(F(an ,STX, ,a;kt)) Sg(F(Txn TTX, ,a;t))

yields a contradiction unless lim_ STx =Tu=u which
contradicts the fact that lim_g (F (STx,,TSx, ,a;t)) is

either non zero or nonexistent for the sequence X . Thus both
Sand T are discontinuous.

Now, we give an example in support of theorem 5.

Example 9:

Let X = R* with 2-metric defined as

dx,y,z)=min[ | x-y|.|y-z|.|z=x]],
for all x,y,ze X,t>0

t
t+d(x,y,z)’
with A(r,s,t) = min(r,s,t,) or (rs.t)

F(X,y,z;t) =

Define

Then (X F ,A) is 2 non-Archimedean Menger PM-space.

Define A,B: X—>X,
%, |f0<x<— X, ifxs%
, B(x)=
1 ( ) 1 1
= =, X>=
3 3 2
Then A ) c B A and B are discontinuous.
. . 1
Consider a sequence X, defined as X =—+—. Then
2 3n

AX, , BX, —>1
3
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1 1
but ABXn—>Z, BAX, —)§ That is A and B are non

compatible maps.
o [0,00)
#(s)=vs ,s>0

Then all the conditions of above theorem are satisfied and 14 is
the common fixed point of A and B.

Define —>[O,oo) as ¢(O)=O and

Theorem 6:

Let A, B, Sand T be self mappings of a 2 N. A. Menegr PM-
space (X ,F,A) such that

(i)
g(F (Ax,By,at))<

g(F(Sx, Ax,a;kt)), g (F (Ty,By,a;kt)),
¢| max< g (F (Sx,By,a;kt)), g (F (Sx,Ty,a;kt)),

g(F (Ty, Ax,a;kt))
(i) (A,S) and (B,T) are R-weakly commuting
(iii)(A,S) (B,T) satisfy the property (E.A)
(iv) A(X)CT(X)and B(X)C S(X)

If any of the range of A, B, Sand T is complete subspace of
X,then A, B, Sand T have a

unique common fixed point.

Proof:
Suppose that (B,T) satisfy the property (E.A). Then there
exists a  sequence X, in X such that

lim Bx =lim Tx,=p; peX. Since B(X) < S(X),
there exists a sequence Y, € X suchthat BXx, = Sy, = p
which implies that lim_ Sy, = p.
We shall show that lim_ Ay, = p.
Using (), we get
g(F(Ayn,an,a;t))<

9(F (Syn. Ayn.a;kt)), g (F (Txy, Bxy, a;kt)),
¢| max1g(F (Syn,Bxn.a;kt)), g (F (Syn, Txn, akt)),

9(F (Txn, Ay, a;kt))
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Takingn — o we get lim Ay =lim Bx,=p .
Suppose S(X) is a complete subspace of X.

Then p = Su forsome ue X .
Thus
lim, Sy, =lim_Bx,=lim_ 6 Ay, =lim Tx, = p=Su .
First, we prove that AU =SuU . Again using (i)
9(F (Au,Bxp,a;t)) <
9(F (Su, Au,a;kt)), g (F (Txy, Bxy,a;kt)),
¢| max+ g (F (Su,Bxn,a;t)), g (F (Su,Txy,a;kt)),
9(F (Txy, Au,a;kt))

Taking N —> o0, we get Au=SuU.

Since A

g(F(ASu,SAu,a;t))sg(F(Au,Su,a;%D =0

and S are R-weakly commuting so

Therefore, ASu = SAu and thus

AAu = ASu = SAu = SSu

Again, A(X) < T(X),

there exists Ve X such that Au=Tv

We claim that Bv =TV . Suppose that Bv #TVv then using
0
g(F(Au,Bv,a;t))<
g(F (Su,Au,a;kt)),g(F (Tv,Bv,a;kt)),
¢| max< g (F (Su,Bv,a;t)), g (F (Su,Tv,a;kt)),
g(F (Tu, Av,a;kt))

< g(F(Au,Bv,a;kt))

which yields Au=Bv, implies Tv=Bv. Thus we have
Au =Su =Tv =Bv

By R-weak commutativity of B and T, we have
g(F(BTv,TBv,a;t))gg[F (Bv,Tv,a;%D =0

Hence BTv=TTv=BBv.
Suppose that AAu= AU , then
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g(F (Au, AAu,a;kt))=g(F(AAu,Bv,a;kt)) <

g(F (SAu, AAu,a;kt)), g(F (Tv, Bv, a; kt)),
¢| max< g(F (SAu,Tv,a;t)), g(F (AAu, Tv, a;kt)),
g(F (SAu, Bv,a;kt))

< g(F(Au, AAu,a;kt))

Thus AAU= AU . Therefore, AAUu= Au=SAU That is

Au is a common fixed point of A and S. Similarly, we prove
that BV is a common fixed point of B and T. Since Au = Bv
, 50 AU is the common fixed pointof A, B, Sand T.

The proof is similar when T(X) is assumed to be complete
subspace of X. The case in which A(X) or B(X) is complete
subspace of X are similar to the cases in which T(X) or S(X)

respectively is complete subspace of X, since A(X) < T(X)
and B(X) < S(X).

Finally the uniqueness of fixed point can be proved easily by
using (i) and hence the theorem.

Example 10:
Let X =R"* equipped with 2-metric ‘d’

1,if x,y,z are distinct

d(x,y,2)= and{%,niﬂ}c{x,y,z},neN
0, otherwise.
Define,
F(x,y,z;t) =m with A(r,s,t) = min(r,s,t,)

or (rst)

Then (X F ,A) is 2 non-Archimedean Menger PM-space

A,B,SST:X—>X
by A(0)=0 and A(x)=1if x>1

B(x)=0if x=0o0r x > 6 and B(x)=2 if 0<x<6

$(0)=0 and S(x)=2if x>0

ISSN: 2454-6410
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T(0)=0 and T(x)=4if 0<x<6
and T(x)=x—-6if x>6

Then A(X) < T(X) and B(X) < S(X). The pair (A, S) and (B,
T) are R-weakly commuting as they commute at their
coincidence points.

1
Let X, be asequence definedasX, =6+—; n>1.
n

Then Bx,, TX, —0, which implies that (B, T) satisfies the

property (E.A).

Define

$:[0,00) >[0,0) as ¢(0)=0 and ¢(s)=+/s
;$>0

Then condition (i) of above theorem is satisfied.

Thus all the conditions of theorem 6 are satisfied and ‘0’ is the
common fixed point of A, B,

Sand T.
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